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A class of plane symmetric perfect-fluid cosmologies




We prove the existence of a class of C∞ plane-symmetric perfect
fluid cosmologies with a (− 13 ; 23 ; 23 ) Kasner-like singularity. These so-
lutions of the Einstein-Euler equations depend on two C∞ functions
of one space variable. They are constructed by solving a symmetric
hyperbolic system of Fuchsian equations.
1 Introduction
The Bianchi I spacetimes are the simplest class of anisotropic cosmological
models. They admit a 3-parameter abelian group of isometries acting on
spacelike hypersurfaces (Wald). The dynamics of solutions to Einstein’s
equations with this symmetry type are particularly well-understood in the
case of a perfect fluid as matter source. For a physically reasonable, non-
sti equation of state and with an appropriate choice of time-orientation
all solutions isotropise in the future and in the past any solution which is
not FRW must become Kasner-like as the initial singularity is approached.
Solutions with all values of the Kasner exponents are realised (Rendall 1996).
Under the additional assumptions of local rotational symmetry and re-
flection symmetry much can also be said about the asymptotic behaviour
of collisionless gas cosmologies (i.e. solutions of the Einstein-Vlasov equa-
tions). Once again all solutions isotropise in the future. For any solution
which is not FRW the asymptotic generalised Kasner exponents (i.e. the
eigenvalues of the second fundamental form divided by the mean curvature)
in the past are either (−13 ; 23 ; 23) or (0; 12 ; 12) (Tod and Rendall). The rst
case is Kasner like and is generic in that it occurs for an open dense set
of initial data. Note that no solution of the (0; 12 ;
1
2 ) type occurs in the
1
fluid case and that the Kasner exponents (1; 0; 0) are not realised with the
collisionless gas.
It is natural to ask whether the above qualitative features are maintained
if one relaxes the requirement of spatial homogeneity somewhat. Certainly
there are many inhomogeneous FRW-like solutions of both Einstein-Euler
and Einstein-Vlasov, as has been shown in the framework of isotropic singu-
larites (Anguige and Tod, Claudel). Kasner like solutions of Einstein-Vlasov
have been investigated by (Rein) under the assumption of plane symmetry,
which is the simplest inhomogeneous generalisation of LRS Bianchi I sym-
metry. By proving a global existence theorem he is able to show that an
open set of C1 data on a regular Cauchy surface evolves back to a Kasner
like singularity of the (−13 ; 23 ; 23) type, agreeing with the picture described in
(Rendall 1996). In the present paper we study plane-symmetric, non-sti γ-
law perfect fluid cosmologies with asymptotic geometry of this same type.
The line of attack is very similar to that employed by (Kichenassamy and
Rendall) in a study of the (vacuum) Gowdy spacetimes. It consists in taking
a two-parameter family of exact Bianchi I solutions, making an inhomoge-
neous perturbation and solving a singular system of eld equations for the
perturbation near the singularity ‘t = 0’. In this way we construct a two
free-function family of C1 inhomogeneous cosmologies with the required
asymptotic Bianchi I like behaviour.
The main result is stated formally as Theorem 6.1 at the end of section
6.
In sections 7 and 8 we show that the spacetimes constructed have both
curvature singularities and crushing singularities.
2 Exact solutions
A family of Bianchi I, Kasner-like exact solutions to Einstein-perfect fluid
is given in (Wainwright and Ellis). The metric is
ds2 = −B2(γ−1)d2 + 2p1B2q1dx2 + 2p2B2q2dy2 + 2p3B2q3dz2 (1)
where
B2−γ = +m22−γ  > 0; m > 0 (2)














and γ is the polytropic index, so that the pressure is given by P = (γ− 1).
It is a consequence of the momentum constraint that in Bianchi type I
the fluid cannot tilt and hence the 4-velocity points in the direction of @@ .
Now if one wants to consider the plane-symmetric cases of (1) then there
are two choices for the Kasner exponents pi, namely (−13 ; 23 ; 23) and (1; 0; 0).
In this paper we will restrict attention to the (−13 ; 23 ; 23) case and consider
inhomogeneous perturbations of the metric which depend on a coordinate
in the ‘−13 direction’.
When we come to write down Einstein’s equations for a plane symmetric
metric we will use conformal coordinates, i.e. coordinates for which the
metric takes the form
ds2 = e2A(t;x)(−dt2 + dx2) +R(t; x)(dy2 + dz2) (5)
The model solution (1) in the case pi = (−13 ; 23 ; 23) may be written in
conformal coordinates by making the transformation











2− γ log (+m
22−γ) ; R = 4=3 (7)
and  given implicitly as a function of t by the relation (6).
3 The Einstein-Euler equations
We will assume that spacetime is lled with a polytropic perfect fluid, so
that the stress tensor takes the form
T = (+ P )uu + Pg (8)
with uu = −1 and P = (γ − 1); 1 < γ < 2.
With this stress tensor the Einstein evolution equations for the metric
(5) are
Rtt −Rxx = (2− γ)Re2A (9)
Att −Axx − 14R








x)−R−1RtAt−R−1RxAx = −e2A(γ(v1)2+1) (11)
3
−R−1Rtx +R−1(RtAx +AtRx) + 12R
−2RtRx = −e2Aγv0v1 (12)
where vi = eAui and hence (v0)2 − (v1)2 = 1.
The Euler equations rT = 0 take the following explicit form





























γ(1 + (v1)2)− 1 x + 2γv1(v1)x
+γ
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We now choose two strictly positive smooth functions (x); m(x) and seek
solutions ; v1; A; R of (9)-(14) which approach the model forms (4)-
(7) as t! 0.





2− γ log ((x) +m
2(x)2−γ) + t ~A (15)
R = 4=3(1 + ~R) (16)







(γ−2=3)( 0 + ~ ) (18)
















The aim is to nd solutions of the Einstein-Euler equations for which
~A; ~R;  and ~ tend to zero as t tends to zero. The choice of  0 ensures
that the momentum constraint is satised at t = 0 (see section 6).
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It is convenient to write the eld equations for ~A; ~R;  and ~ in rst
order form. To do this we introduce the following new variables:
U = ~Rt; Q = @t(t ~A); X = ~Rx; Y = t ~Ax; S = t−1 ~R
In terms of these variables the evolution equations (9)-(10) take the form
tXt = tUx (19)
tYt = tQx (20)
t ~Rt = tU (21)
t ~At + ~A−Q = 0 (22)
t@tS + S − U = 0 (23)
tUt + 2U = tXx +



















−γ(1 + ~R)(2 − γ)(+m22−γ)(e2tA˜+t1−p − 1) (24)




























tF (t; x) + (t+ t1+F (t; x))S
}
(25)
where A0 stands for the rst two terms in (15), the function F (t; x), contin-





3 = 1 + tF (t; x) (26)
which holds for some  > 0.
The Euler equations may, after some rearrangement, be written
1 + γt2−2p 2 +
2γt2−2p 2(v0)2
1 + 2t2−2p 2

t−p(tt+(1−p)) = −γt1−p(v0)−1(1+2t2−2p 2) x











((log )x + t1−px)− γt1−p v0−4=3(+m2t2−γ)
+2t2−2p  x + (1 + 2t2−2p 2)(A0x + Y ) + (log 
4=3)x
+(1 + ~R)−1X + t1−p v0(4
2
3







t2−2p 2(−4=3 + 4m22−γ + 3Q) + 4v0t1−p (A0x + Y )
+

1 + t2−2p 2
1 + ~R











1 + 2t2−2p 2
v0

























































1 + 2t2−2p 2
v0

( x −  (A0x + Y )(1 + v0)(v0)−1)













































−2γ t2−2p x − (1 + 2t2−2p 2)(A0x + Y ) (28)
where p = 34(2− γ) and  =  0 + ~ .
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5 Existence and uniqueness of solutions
The Einstein evolution equations (19)-(25) take the form
ta1(w1)t + tb1(w1)x + c1w1 = tG1 (w1; ; t; x) (29)
where w1 stands for U; ~A;Q;X; Y; ~R;S , a1 is the 6 6 identity matrix, b1 is
a constant symmetric matrix and c1 is a constant diagonalisable matrix with
eigenvalues 0; 1; 2. G1 is a vector-valued function, continuous in t and smooth
in all other arguments.  is a strictly positive constant.
The Euler equations (27)-(28) may be symmetrised by multiplying one
of the equations through by the smooth function of t1−p given by
4γt2−2p 2v0
1 + 2t2−2p 2












In this way (27)-(28) give rise to a system of the form
ta2(t1−p )(w2)t + tb2( ; t)(w2)x + c2w2 = tG2(w1; w2; t; x) (31)
where w2 stands for ; ~ , a2 is a diagonal positive denite matrix, smooth
as a function of t1−p (and equal to the identity at t1−p = 0), b2 is a
smooth symmetric matrix and c2 is diagonal with positive eigenvalues. G2 is
a vector-valued function, continuous in t and smooth in its other arguments.
Combining (29)-(31) we see that the Einstein-Euler eqations may be
expressed as
ta3(t1−p )(w3)t + tb3( ; t)(w3)x + c3w3 = tG3 (w3; t; x; ) (32)
where a3 is smooth and positive denite, b3 is smooth and symmetric and c3 is
constant and positive semi-denite. G3 is a vector-valued function, continu-
ous in t and smooth in all other arguments.
Now note that we may choose  = 1n and
3
4 (γ − 2=3) = q=n for some
positive integer n and some q > 1 wlog. With this choice of  it is then
convenient to make the change of time coordinate t ! s = t 1n . Equation
(32) then takes the form
~a3(w3)s + ~b3(w3)x +
1
s
c3w3 = G3 (33)
where ~a3 = n−1a3 and ~b3 = sn−1b3.
It is also convenient to multiply the right hand side of (33) by a smooth
cut-o function of x with compact support. Call the result ~G3.
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We are aiming to solve the equation
~a3(w3)s + ~b3(w3)x +
1
s
c3w3 = ~G3 (34)
with w3(0) = 0 on [0; T ] R. A solution of this equation will be a local (in
space) solution of (33) by the nite speed of propagation.
Now ~G3 contains terms like f(t; x)g(w3)w3 or just h(t; x) where f and h are
continuous in t and smooth with compact support in x and g is smooth. We
approximate such functions f; h uniformly in Hp(R)) on [0; T ] by sequences

























where the right hand side represents an approximation to ~G3. Since this
equation is linear, all coecients are smooth and c3 is positive denite, we
can iteratively obtain smooth solutions wn3 on [0; T ] with w
n
3 (0) = (0) by
Theorem 9.1 of (Claudel and Newman).
Lemma 5.1 The sequence wn3 is uniformly bounded in H
p and s@s n is
unifromly bounded in Hp−1 on [0; T1] for some T1  T . ( p is chosen large
enough to apply the Sobolev embedding lemma wherever needed).
Proof We use induction.
Suppose
(i) kwn3 kp(s)  R for s  T
(ii) ks@s nkp−1  L for s  T
Apply x derivatives of order  to (35) to get
~a3(wn3 )@srwn+13 + ~bn+13 @xrwn+13 +
1
s
c3rwn+13 = M (36)








and the terms coming from the fni and h
n
i .
Now take the inner product of (36) with rwn+13 and use the symmetry
of ~b3, the boundedness of s@s n and the uniform equivalence of the L2 norm
of rwn+13 to Z
~a3rwn+13  rwn+13 dx (38)
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in a standard way (Racke), to get the following inequality
kwn+13 kp(s)  K1
Z s
0
kwn+13 kp + kwn3 kp +K2 dr (39)
(The fn are bounded in Hp.)
If T1 is now chosen suciently small Gronwall’s inequality gives kwn+13 kp(s) 
R for s  T1.
From the dierential equation (35) one may easily use a Moser estimate
(Racke) to obtain ks@s n+1kp−1  L for s  T1 if L was chosen large enough.
Hence the lemma.
Lemma 5.2 The sequence wn3 converges uniformly in L
2 on [0; T2] for
some T2  T1.
Proof. By subtracting the equation satised by wn3 from that satised
by wn−13 one may obtain the following L
2 energy estimate
kwn3 − wn−13 k2(s)  K
Z s
0
kwn3 −wn−13 k2 + kwn−1 − wn−2k2
+ kfn−1 − fn−1k2
}
dr (40)
(Note; we need boundedness of the quantity (~a3(wn3 ) − ~a3(wn−13 ))@swn3 to
obtain this inequality. But this follows from the form of ~a3 and Lemma 5.1)

































We assume that the sequence fn was chosen to converge so fast that
P
γn <
1. We also choose T2 so that KT2 < 1. It now follows by the argument of
Corollary 5.4 in (Racke) that wn3 is uniformly Cauchy in L
2 on [0; T2]
The inequality of Gagliardo-Nirenberg (Racke) now shows that wn3 con-
verges uniformly in Hp−1 to some w on [0; T2]. p was arbitrarily large. From
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the dierential equation one see that quantities @swn3 converge uniformly
on (; T2] for  > 0. Hence w is C1 by the Sobolev imbedding theorem. A
standard continuation argument (Taylor) for regular symmetric hyperbolic
systems can be applied away from s = 0 to get that w is C1 for s > 0.
Suppose now that we have two solutions w; w^ of (34) smooth for s > 0,
continuous at s = 0 and such that w(0) = w^(0). Then by taking the
dierence of the equations satised by w and w^ one may obtain the following
L2 energy estimate.
@skw − w^k22  Kkw − w^k22 (45)
for s > 0. (Again one needs control over (~a3(w)− ~a3(w^))@sw, which follows
from the equation)
Hence
kw − w^k22(s)− kw − w^k22()  K
Z s

kw − w^k22 dt (46)
which implies
kw − w^k22(s)  K
Z s
0
kw − w^k22 dt+ kw − w^k22() (47)
Gronwall’s inequality now implies
kw − w^k22(s)  eKskw − w^k22() (48)
Since  > 0 was arbitrary, we must have w  w^.
6 The constraints
Dene constraint quantities C0; C1 by
C0 = R−1Rxx − 14R
−2(R2t +R
2
x)−R−1RtAt−R−1RxAx + e2A(1 + γ(v1)2)
(49)
C1 = −R−1Rtx +R−1(RtAx +AtRx) + 12R
−2RtRx + e2Aγv0v1 (50)
If the evolution equations (9)-(10), (13)-(14) are satised then a calculation
shows that the following hold












One also calculates that the quantities ~C0 = tC0; ~C1 = tC1 tend to zero
















~C1 = −t@x ~C0 − tRx
R
~C0 (54)
Now Rx=R is O(1) and tRt=R = 1 + O(t) for some  > 0. It thus follows
from the ideas of section (5) that ~C0 and ~C1 are identically zero and hence
the constraints are satised.
The results of sections 5 and 6 can now be summarised as follows:
Theorem 6.1. Given two smooth, strictly positive functions (x); m(x) on R
there exists a unique solution (g ; ; u) of Einstein-γ-law perfect fluid
on R3  (0; T ) satisfying
ds2 = e2A(t;x)(−dt2 + dx2) +R(t; x)(dy2 + dz2)
and
A = A0 + o(t)
R = 
4
3 (1 + o(1))































An expression for the Kretschmann scalar in a plane-symmetric spacetime
is given in (Rendall 1995). If the metric is written
ds2 = gabdxadxb + r2ABdyAdyB (56)
where upper and lower case indices take the values 0; 1 and 2; 3 respectively,
then the Kretschmann scalar may be expressed as















where trT = gabTab and  is the Gaussian curvature of the two-dimensional
metric gab. Clearly the rst three terms on the right hand side of (57) are
positive and it is easy to show that the fourth term is also positive for a
polytropic fluid with index between 1 and 2.





















and hence RγRγ !1 as t! 0.
8 Crushing singularities
The extrinsic curvature of the hypersurfaces of constant t is given by
K = e−tA˜−1(+m22−γ)
1
γ−2 (+ 2m22−γ + 4=3(Q+U(1+ ~R)−1)) (59)
It follows that in the limit as t ! 0 we have K  (γ+2)=(γ−2)t− 34 . Thus
if  is chosen uniformly positive we have a crushing singularity at t = 0.
12
A Approximation of continuous functions by smooth
functions
.
Lemma A.1 Suppose we are given a function F (t; x) on [0; T ]R, which
is continuous in t and smooth in x. Suppose also that F has xed compact
support in x. Then there is a sequence of smooth functions Fn(t; x) on [0; T ]
R such that Fn ! F in Hs(R), uniformly on [0; T ].
Proof First dene
~F (t; x) =
8<:
F (t; x) 0  t  T
F (0; x) −1  t  0








(t− s) ~F (s; x) ds (61)

































Clearly the integrand in the right hand side of (56) tends to zero for each x by
the uniform continuity of ~F in t. It is also clear that the sequence of inte-
grands is bounded by an integrable function. Thus Fn ! F in L2 uniformly
on [0; T ] by Lebesgue’s dominated convergence theorem. One may now ap-
ply the above argument to partial derivatives to get the desired result.
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